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Abstract
The soliton technique is applied to the 5D static Einstein-Maxwell equa-
tions, and an infinite number of solutions are explicitly obtained. We
study the rod structure of 2-soliton solutions and we show that the 5D
Reissner-Nordstro¨m solution and the 5D Majumdar-Papapetrou solu-
tion are included as the 2-soliton solutions.
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1 Introduction
Ever since the discovery of black ring solution by Emparan and Reall[1], 5D
black ring solution has attracted considerable attention. It is known that
the uniqueness theorem, that there is only one black hole solution for given
mass, electric charge and angular momentum, holds in 4D gravity. However
the discovery of the black ring solution shows that the theorem does not hold
in 5D theory. Therefore, one of the interesting questions is to ask if there
can be other black hole solutions in five and higher dimensions.
In constructing black hole solutions both in four dimensions and in higher
dimensions, the soliton technique is an only systematical method. When we
write down the vacuum Einstein equation with axial symmetry in terms of
the canonical coordinates (ρ, z) in any dimensions[2, 3], we find that one of
the equations is the zero curvature equation on ρ-z plane just like the soliton
equations. The 2D soliton equations like KdV equation are to be solved by
the inverse scattering method, which shows that these soliton equations are
formulated as the zero-curvature equation with a continuity equation. This
is the reason why we can also apply the soliton technique to the Einstein
equation with axial symmetry. This is also the reason why we can derive an
infinite number of soliton solutions in the same way as the soliton equations.
In five dimensions, we have already shown that this is really the case for
the static case[4] and stationary case[5]. Among the infinite number of solu-
tions, both regular and singular solutions are included. In order to extract
physically interesting solutions, the study of the rod structure[3] is powerful.
The fact that the soliton solutions given by the inverse scattering method are
constructed by “poles” µk fits to studying the rod structure of the solutions.
The black ring solution can exist on the balance of the gravitational force
and the centrifugal force. Then it is natural to expect a solution in which
the gravitational force balances the electric force in five dimensions. Several
works[6]-[8] devoted to the study of black ring solutions with electric charge.
In this paper, we study the 5D static Einstein-Maxwell(EM) equations with
axial symmetry. The equations at first sight do not seem to reduce to the
zero-curvature equation. However, after introducing new functions, we can
show that they are also cast into a zero-curvature equation and some other
associated equations, which enables one to find an infinite number of solutions
also in the presence of electric field.
This paper is constructed as follows. In the next section we derive an in-
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finite number of soliton solutions for the 5D static EM equations. In section
3, we focus on 2-soliton solutions and study the rod structure of the solu-
tions. By evading the conical singularity from the solution, we obtain the 5D
Reissner-Nordstro¨m(RN) solution and the 5D Majumdar-Papapetrou(MP)
solution[9]. The last section is devoted to summary and discussion.
2 Solutions of Einstein-Maxwell equations
The metric we consider is given by
ds2 = f(dρ2 + dz2) + gabdx
adxb, (a, b = 0, 1, 2) (1)
where f and gab are functions of ρ and z. The 5D EM equations read
Rµν = 2
(
F µαFνα − 1
6
δµνF
αβFαβ
)
, (2)
F µν ;µ = 0, (3)
with
Fµν = Aν ,µ−Aµ,ν . (4)
We solve these equations under the static condition with the coordinate con-
dition det g = −ρ2. We also assume that there is only electric charge. Then,
the part of the metric g = (gab) and the U(1) gauge field are assumed to have
the fallowing form:
g = diag
(
−h−11 h−12 ,
[√
ρ2 + z2 − z
]
h1,
[√
ρ2 + z2 + z
]
h2
)
, (5)
A0 = −χ, A1 = A2 = Aρ = Az = 0, (6)
where h1 and h2 are functions of ρ and z, and χ(ρ, z) is the electrostatic
potential. Then the EM equations are explicitly written as
[ρ(ln hi),ρ ],ρ+[ρ(ln hi),z ],z = −4ρ
3
h1h2(χ,
2
ρ+χ,
2
z ), (i = 1, 2) (7)
(ln f),ρ+
ρ
ρ2 + z2
− 1
2
(√
ρ2 + z2 + z√
ρ2 + z2
(ln h1),ρ+
√
ρ2 + z2 − z√
ρ2 + z2
(ln h2),ρ
3
+ρ[(ln h1),
2
ρ+(lnh2),
2
ρ+(ln h1),ρ (ln h2),ρ ] +
ρ√
ρ2 + z2
[(ln h1),z −(ln h2),z ]
−ρ[(ln h1),2z +(lnh2),2z +(ln h1),z (ln h2),z ]
)
= −2ρh1h2(χ,2ρ−χ,2z ), (8)
(ln f),z +
z
ρ2 + z2
− 1
2
(√
ρ2 + z2 + z√
ρ2 + z2
(lnh1),z +
√
ρ2 + z2 − z√
ρ2 + z2
(ln h2),z
− ρ√
ρ2 + z2
[(lnh1),ρ−(ln h2),ρ ] + 2ρ[(ln h1),ρ (lnh1),z +(ln h2),ρ (lnh2),z ]
+ρ[(ln h1),ρ (lnh2),z +(ln h1),z (ln h2),ρ ]
)
= −4ρh1h2χ,ρ χ,z , (9)
(ρh1h2χ,ρ ),ρ+(ρh1h2χ,z ),z = 0. (10)
Here we assume the following ansatz to solve these equations:
h1 =
(
1− 8
3
cχ+
4
3
χ2
)−1/2
N1/2, (11)
h2 =
(
1− 8
3
cχ+
4
3
χ2
)−1/2
N−1/2, (12)
where N is function of ρ and z, and c is a constant. Then the equations (7)
and (10) are both put into
χ,ρρ+χ,zz +ρ
−1χ,ρ= 8(3− 8cχ+ 4χ2)−1(χ− c)(χ,2ρ+χ,2z ), (13)
with
(lnN),ρρ+(lnN),zz +ρ
−1(lnN),ρ= 0. (14)
The last equation is the Laplace equation for lnN , and so we can solve this
equation. The equation (8) is written as
(ln f),ρ= − ρ
ρ2 + z2
− 4(χ− c)χ,ρ
3− 8cχ+ 4χ2 +
6ρ(4c2 − 3)(χ,2ρ−χ,2z )
(3− 8cχ+ 4χ2)2
+
1
2
√
ρ2 + z2
[z(lnN),ρ+ρ(lnN),z ] +
ρ
8
[
(lnN),2ρ−(lnN),2z
]
, (15)
and the equation (9) as
(ln f),z = − z
ρ2 + z2
− 4(χ− c)χ,z
3− 8cχ+ 4χ2 +
12ρ(4c2 − 3)χ,ρ χ,z
(3− 8cχ+ 4χ2)2
4
− 1
2
√
ρ2 + z2
[ρ(lnN),ρ−z(lnN),z ] + ρ
4
(lnN),ρ (lnN),z . (16)
We further introduce a new function R(ρ, z) by
χ =
e
R +m
, (17)
where e and m are constants satisfying
m =
4
3
ce. (18)
Then the equations (11) and (12) lead to
h1 =
m+R√
R2 − d2N
1/2, (19)
h2 =
m+R√
R2 − d2N
−1/2, (20)
where
d =
√
3m2 − 4e2
3
. (21)
The equation (13) is also expressed in terms of R as
R,ρρ+R,zz +ρ
−1R,ρ= 2R(R
2 − d2)−1(R,2ρ+R,2z ). (22)
Introducing a function h(ρ, z) by
R = d
1 + h
1− h, (23)
we can rewrite this equation as
(ln h),ρρ+(ln h),zz +ρ
−1(ln h),ρ= 0, (24)
which is the Laplace equation for lnh. By further introducing Q(ρ, z) by
f =
1
2
√
ρ2 + z2
(
1− 8
3
cχ+
4
3
χ2
)−1/2
Q, (25)
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the equations (15) and (16) are to be expressed as
(lnQ),ρ=
3ρ
8
[(ln h),2ρ−(ln h),2z ]
+
1
2
√
ρ2 + z2
[z(lnN),ρ+ρ(lnN),z ] +
ρ
8
[
(lnN),2ρ−(lnN),2z
]
, (26)
and
(lnQ),z =
3ρ
4
(ln h),ρ (ln h),z
− 1
2
√
ρ2 + z2
[ρ(lnN),ρ−z(lnN),z ] + ρ
4
(lnN),ρ (lnN),z . (27)
Now that we have two Laplace equations in (14) and (24) for lnN and ln h
respectively, we assume that
N = h. (28)
Then equations (26) and (27) are reduced to
(lnQ),ρ=
ρ
2
[(ln h),2ρ−(ln h),2z ] +
1
2
√
ρ2 + z2
[z(ln h),ρ+ρ(ln h),z ] , (29)
and
(lnQ),z = ρ(ln h),ρ (ln h),z − 1
2
√
ρ2 + z2
[ρ(ln h),ρ−z(ln h),z ] . (30)
This shows that we can integrate these equations to obtain Q by using the
solution h that is obtained by solving the Laplace equations.
There can be solitonic and non-soliotnic solution to the Laplace equation.
Here we adopt the solitonic solutions for h and Q. The n-soliton solution is
given by
h =
n∏
k
(iµk/ρ)
δ, (31)
Q =
[
ρn
2/2∏n
k>l(µk − µl)2∏n
k(ρ
2 + µ2k)
∏n
l µ
n−2
l C
(n)
]δ2
×


(
n∏
k
i
µk
ρ
)1/2 (z +√ρ2 + z2)n/2∏n/2k (2w2k)∏n
k
(
µk + z +
√
ρ2 + z2
)


δ
, (32)
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with
µk = wk − z + (−1)k−1
√
(wk − z)2 + ρ2, (33)
C(n) = 2n(n−2)/2
n/2∏
k>l
(w2k−1 − w2l−1)2(w2k − w2l)2, (34)
where δ and wk(k = 1, 2, · · · , n) are constants.
In order to elucidate the solutions, we illustrate the 2-soliton solution by
setting δ = 1. In this case h and Q are given by
h = −µ1µ2
ρ2
, (35)
Q =
2(z0 + d)ρ
(
z +
√
ρ2 + z2
)√−µ1µ2(µ1 − µ2)2(
µ1 + z +
√
ρ2 + z2
) (
µ2 + z +
√
ρ2 + z2
)
(µ21 + ρ
2)(µ22 + ρ
2)
,(36)
where we have put w1 = z0 − d and w2 = z0 + d, and so µ1 and µ2 are given
by 

µ1 = z0 − z − d+
√
(z0 − z − d)2 + ρ2,
µ2 = z0 − z + d−
√
(z0 − z + d)2 + ρ2.
(37)
We rewrite these poles by transforming z to z + z0 as

µ1 = −(z + d) +
√
(z + d)2 + ρ2,
µ2 = −(z − d)−
√
(z − d)2 + ρ2.
(38)
By using these expressions, the 2-soliton solution is given by
g00 =
4d2µ1µ2ρ
2
[(d+m)ρ2 − (d−m)µ1µ2]2 , (39)
g11 = µ
∗h1, (40)
g22 = −µh2, (41)
f = − (z0 + d)µ[(d+m)ρ
2 − (d−m)µ1µ2](µ1 − µ2)2
2d
√
(z + z0)2 + ρ2(µ1 − µ)(µ2 − µ)(µ21 + ρ2)(µ22 + ρ2)
, (42)
where µ and µ∗ are

µ = −(z + z0)−
√
(z + z0)2 + ρ2,
µ∗ = −(z + z0) +
√
(z + z0)2 + ρ2,
(43)
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and h1 and h2 in (19) and (20) are here given by
h1 =
(d+m)ρ2 − (d−m)µ1µ2
2dρ2
,
h2 = −(d+m)ρ
2 − (d−m)µ1µ2
2dµ1µ2
. (44)
3 Analysis of Solutions
In analyzing the behavior of the metric, we use a notion of rod structure.
We recapitulate it here following the discussion by Harmark[3]. A rod is
defined as an interval [ak−1, ak] (k = 1, 2, . . . , N +1) on the z-axis where the
parameters ak are assumed to be in the order
a0 = −∞ < a1 < ... < aN < aN+1 =∞. (45)
The rod structure is specified by these intervals and N + 1 non-zero vectors
v(k) (k = 1, 2, . . . , N + 1) in the intervals. In the intervals [ak−1, ak] (k =
1, 2, . . . , N +1), the vectors v(k) are defined as the eigen-vectors belonging to
zero eigen-value by
gv(k) = 0. (k = 1, 2, . . . , N + 1) (46)
Here we should note that, because of the auxiliary condition det g = −ρ2, at
least one of the eigen-values is zero on the z-axis. The necessary condition for
the space-time to be free from a singularity, there should be only one eigen-
vector belonging to zero eigen-value in each interval. Each rod is called space-
like or time-like according as gabv
avb/ρ2 > 0 or gabv
avb/ρ2 < 0, respectively.
When the rod is time-like, this rod corresponds to a horizon or curvature
singularity. When the rod is space-like and singularity-free, we need to study
whether there is a conical singularity or not.
We confine ourselves to the diagonal g case, since we here discuss the
static case. A vector in three dimensions is spanned by three bases, which we
denote by ∂/∂xa (a = 0, 1, 2). Suppose that gaa of the diagonal g components
approaches zero as ρ → 0, then the non-zero eigen-vector belonging to zero
eigen-value is in the ∂/∂xa direction, which is called the direction of the rod.
When the rod is space-like, the coordinates xi (i = 1, 2) is a compact spatial
8
direction and so there should be a period. When we go around the z-axis on
ρ-i plane perpendicular to the z-axis, the period △xi should be
△xi = 2pi lim
ρ→0
√
ρ2f
giivivi
= 2pi lim
ρ→0
√
ρ2f
gii
, (47)
in order to be free from a conical singularity. This will be used as a criterion
in finding regular solutions.
In order to study the asymptotic behaviors of the metric components, we
expand them in the asymptotic region where
√
ρ2 + z2 →∞ (h1 → 1, h2 →
1). We have
g00 ∼ −1, g11 ∼ −z +
√
ρ2 + z2,
g22 ∼ z +
√
ρ2 + z2, f ∼ 1
2
√
ρ2 + z2
, (48)
which show the asymptotic flatness.
We next study ρ ∼ 0 behaviors of the metric components, or the rod
structure of the solutions. As z = z0 does not give any difference in the
rod structures, we divide the z-axis into four intervals separated by values
z = −z0 and z = ±d. We assume that these parameters are in the following
order without loss of generality:
−∞ < −d < d < −z0 <∞. (49)
When gii ∝ ρ2 (i = 1, 2) in some interval, the rod is space-like and in ∂/∂xi
direction and ρ-i plane is perpendicular to the z-axis. Going around the z-
axis in the i-th direction, we study the period of xi coordinate. The behaviors
of the metric components at ρ ∼ 0 in each region are given as follows.
(i) ∞ > z > −z0
g00 ∼ − z
2 − d2
(z +m)2
, (50)
g11 ∼ ρ
2(z +m)
2(z + d)(z + z0)
, (51)
g22 ∼ 2(z + z0)(z +m)
z − d , (52)
f ∼ z +m
2(z + d)(z + z0)
. (53)
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In this interval, we note that g11 ∼ O(ρ2). Since the rod is in ∂/∂x1 direction,
we study the period △x1 to find that
△x1 = 2pi lim
ρ→0
√
ρ2f
g11
= 2pi, (54)
which shows no conical singularity in this interval.
(ii) −z0 > z > d
g00 ∼ − z
2 − d2
(z +m)2
, (55)
g11 ∼ −2(z +m)(z + z0)
z + d
, (56)
g22 ∼ − ρ
2(z +m)
2(z − d)(z + z0) , (57)
f ∼ − (z +m)(z0 + d)
2(z − d)(z + z0)(z0 − d)
. (58)
In this interval, we note that g22 ∼ O(ρ2), and the rod is in ∂/∂x2 direction.
So we study the period △x2 to find that
△x2 = 2pi lim
ρ→0
√
ρ2f
g22
= 2pi
√
z0 + d
z0 − d, (59)
which shows that two parameters z0 and d should be adjusted to avoid the
conical singularity.
(iii) d > z > −d
g00 ∼ d
2ρ2
(z2 − d2)(d+m)2 , (60)
g11 ∼ −(z + z0)(d+m)
d
, (61)
g22 ∼ (z
2 − d2)(d+m)
d(z + z0)
, (62)
f ∼ d(d+m)
(z2 − d2)(z0 − d) . (63)
As g00 ∼ O(ρ2) in this interval, the eigen-vector belonging to the zero eigen-
value is given by v = (1, 0, 0). Then we obtain that gabv
avb/ρ2 = g00/ρ
2 =
10
d2/((z2 − d2)(d+m)2) < 0. This shows that the rod is time-like, and so this
interval is the horizon.
(iv) −d > z > −∞
g00 ∼ − z
2 − d2
(z −m)2 , (64)
g11 ∼ −2(z −m)(z + z0)
z − d , (65)
g22 ∼ − ρ
2(z −m)
2(z + d)(z + z0)
, (66)
f ∼ − z −m
2(z + d)(z + z0)
. (67)
(68)
In this interval, we note that g22 ∼ O(ρ2) as in the case (ii), and the period
△x2 is given by
△x2 = 2pi lim
ρ→0
√
ρ2f
g22
= 2pi, (69)
which shows that there is no conical singularity.
In Table 1, the rod structure is summarized. The rod in [−d, d] repre-
senting the event horizon is sandwiched by the rods in the same ∂
∂x2
direction,
which shows that the topology of the event horizon is S2×S1 as in the static
black ring case.
We find that there is a conical singularity in [d,−z0]. In order to get rid
of the conical singularity, there can be two ways. The first is to set d = −z0,
which gets rid of the interval itself. The second is to make △x2 = 2pi by
imposing d = 0. This should be compared with the case of static black
ring, where there is no electric charge. The rod structure is depicted in
Table 2[4].This shows that the conical singularity in [σ,−z0] has the same
structure as in the present case. When we set σ = 0, the metric becomes flat.
However, we should note that, in the present case, the metric is not reduced
to the flat one as d → 0. Therefore, we need to investigate it. The d = 0
case is studied by further imposing z0 6= 0 or z0 = 0.
We first compute the d = −z0(µ2 = µ) case. In this case, the metric
11
Rods [−∞,−d] [−d, d] [d,−z0] [−z0,∞]
Directions ∂
∂x2
∂
∂x0
∂
∂x2
∂
∂x1
Periods 2pi Event Horizon 2pi
√
z0+d
z0−d
2pi
Table 1: Rod structure of the 2-soliton solution to the 5D static EM equation
Rods [−∞,−σ] [−σ, σ] [σ,−z0] [−z0,∞]
Directions ∂
∂x2
∂
∂x0
∂
∂x2
∂
∂x1
Periods 2pi Event Horizon 2pi
√
z0+σ
z0−σ
2pi
Table 2: Rod structure of the static black ring solution
components are given by
g00 =
4d2µ1µρ
2
[(d+m)ρ2 − (d−m)µ1µ]2
, (70)
g11 = µ
∗h1, (71)
g22 = −µh2, (72)
f =
[(d+m)ρ2 − (d−m)µ1µ](µ1 − µ)
2d(µ21 + ρ
2)(µ2 + ρ2)
, (73)
where
h1 =
(d+m)ρ2 − (d−m)µ1µ
2dρ2
, (74)
h2 = −(d +m)ρ
2 − (d−m)µ1µ
2dµ1µ
. (75)
We shall rewrite these metric components by introducing (ρ, θ) coordinates
by
ρ =
1
2
√
(r2 − 2m)2 − 4d2 sin 2θ, (76)
z =
1
2
(r2 − 2m) cos 2θ. (77)
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Noting that h1 and h2 are rewritten as
h1 =
r2
r2 − 2m+ 2d, (78)
h2 =
r2
r2 − 2m− 2d, (79)
the metric components are reduced to
g00 = −(r
2 − 2m)2 − 4d2
r4
, (80)
g11 = r
2 sin2 θ, (81)
g22 = r
2 cos2 θ, (82)
f =
r2
(r2 − 2m)2 − 4d2 cos2 2θ . (83)
Using the relation
dρ2 + dz2 =
[
(r2 − 2m)2 − 4d2 cos2 2θ
] [ r2dr2
(r2 − 2m)2 − 4d2 + dθ
2
]
, (84)
we find that the metric is the 5D RN solution given by
ds2 = −
(
1− 4m
r2
+
16e2
3r4
)
dt2 +
(
1− 4m
r2
+
16e2
3r4
)
−1
dr2
+ r2dθ2 + r2 sin2 θdφ2 + r2 cos2 θdψ2. (85)
Next we study the d = 0 case. This is the extremal case satisfying
m = 2/
√
3e and the solution is MP type. When z0 6= 0 we have the metric
components
g00 = − ρ
2 + z2
(
√
ρ2 + z2 +m)2
, (86)
g11 =
[√
ρ2 + (z + z0)2 − (z + z0)
]
(
√
ρ2 + z2 +m)√
ρ2 + z2
, (87)
g22 =
[√
ρ2 + (z + z0)2 + (z + z0)
]
(
√
ρ2 + z2 +m)√
ρ2 + z2
, (88)
f =
√
ρ2 + z2 +m
2
√
ρ2 + (z + z0)2
√
ρ2 + z2
. (89)
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Although the parameter d, or the radius of S2, becomes zero, the solution
has the remaining ring-like structure at z = 0. We shall show that this
ring becomes the curvature singularity. In this limit, both g00 and g22 are
proportional to ρ2 at z = 0. This implies that there are two independent
eigen-vectors belonging to zero eigen-value, and so there should appear a
singularity. Actually, by using these metric components, we find the curva-
ture invariant is evaluated at z = 0 as
RαβγδRαβγδ ∼ 31z
2
0
ρ2m2
. (90)
Last of all, we study the d = z0 = 0 case. In this case, we have
g00 = − ρ
2 + z2
(
√
ρ2 + z2 +m)2
, (91)
g11 =
(√
ρ2 + z2 − z
)
(
√
ρ2 + z2 +m)√
ρ2 + z2
, (92)
g22 =
(√
ρ2 + z2 + z
)
(
√
ρ2 + z2 +m)√
ρ2 + z2
, (93)
f =
√
ρ2 + z2 +m
2(ρ2 + z2)
. (94)
We introduce the (ρ, θ) coordinates by
ρ =
1
2
(r2 − 2m) sin 2θ, (95)
z =
1
2
(r2 − 2m) cos 2θ. (96)
Then we find that the above metric turns out to be that of the 5D MP
solution given by
ds2 = −
(
1− 2m
r2
)2
dt2 +
(
1− 2m
r2
)−2
dr2 + r2dθ2
+r2 sin2 θdφ2 + r2 cos2 θdψ2. (97)
4 Summary and Discussion
In this paper we obtain an infinite number of static solutions to the 5D EM
equations. The solutions are examined in detail for the 2-soliton solution
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case. By studying the rod structures of the solutions, we get rid of the
conical singularity from the general 2-soliton solution. As a result, we obtain
the 5D RN and MP solution as 2-soliton solutions.
The 5D rotating black ring solution is the solution where the gravity force
and the centrifugal force are in equilibrium. When an electric charge is taken
into account, it is expected that the repulsive electric force might balance the
attractive gravity force. As far as we study the 2-soliton solutions, the black
ring topology S2 × S1 without conical singularity does not appear. This
might be found in higher number of soliton solutions, or it might be found to
by constructing solitons from a non-flat background as in [10]. This would
be reported in future.
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